The current investigation aims to study the ground-state properties of one of the most interesting isotopic chains in the periodic table, 94−168 Sn, from the proton drip line to the neutron drip line by using the covariant density functional theory, which is a modern theoretical tool for the description of nuclear structure phenomena. The physical observables of interest include the binding energy, separation energy, two-neutron shell gap, rms-radii for protons and neutrons, pairing energy and quadrupole deformation. The calculations are performed for a wide range of neutron numbers, starting from the proton-rich side up to the neutron-rich one, by using the densitydependent meson-exchange and the density dependent point-coupling effective interactions. The obtained results are discussed and compared with available experimental data and with the already existing results of relativistic Mean Field (RMF) model with NL3 functional. The shape phase transition for Sn isotopic chain is also investigated. A reasonable agreement is found between our calculated results and the available experimental data.
INTRODUCTION
In nuclear physics, several approaches have been developed in order to reliably predict the ground state nuclear properties of all nuclei in the periodic table, among them: The macroscopic-microscopic models such as Finite Range Droplet Model (FRDM) [1] , the macroscopic models such as Bethe-Weizscker mass formula [2] , and the microscopic models such as the conventional Hartree Fock method [3] [4] [5] [6] [7] with effective density-dependent interactions based on the nonrelativistic kinematics, in which the spin-orbit and the density-dependent interactions are important ingredients, and its relativistic analog, the relativistic mean field (RMF) theory [8, 9] based on the relativistic kinematics, in which the nucleons, the mesons and their interactions are the ingredients. The RMF theory has been the subject of considerable attention because of its successful description of many properties of nuclei either in the valley of stability or far away from it. It provides an accurate description of ground-state properties and collective excitation of atomic nuclei [10] [11] [12] [13] [14] [15] [16] .
Density functional theories (DFTs) are extremely useful in order to understand the nuclear many-body dynamics. This is done in terms of the energy density functionals (EDFs), which are approximated by the selfconsistent mean-field models. They have been applied with great success in Coulombic systems [17, 18] , where the functional can be derived directly from the Coulomb interaction without any phenomenological adjustments. In nuclear physics, the situation becomes much more complicated since the spin and isospin degrees of freedom play an important role and cannot be neglected.
One of the most attractive nuclear DFTs is the covariant density functional theory (CDFT) [19] [20] [21] [22] [23] based on the energy density functionals (EDFs), and is very successful in the nuclear structure analysis [24] [25] [26] as well as in describing very well the ground and excited states throughout the nucleic chart [27] [28] [29] . An example of application of the CDFT on Cd chain is given in Refs. [30, 31] .
Tin (Sn, Z=50) isotopes have received huge attention not only because they have a magic proton number (Z=50), but also due to other reasons, including the special interest of Sn isotopes for nuclear astrophysics, and its extremely long isotopic chain. In addition, the two magic neutron numbers, N=50 and N=82, make this isotopic chain especially important to test the deformations and the pairing correlations in a microscopic model [13] .
In this study, we present a detailed investigation of even-even Sn isotopes for a wide range of neutron numbers, N=44-118, within the CDFT framework by using two of the most recent functionals: The density-dependent meson-exchange DD-ME2 [19, 20] and the density-dependent point-coupling DD-PC1 [20, 21] , which provide a complete and precise description of different ground states and excited states over the entire nucleic chart [32, 33] .
This paper is organized as follows: In Section 2, the theoretical frame-work and details of the numerical calculations are presented. The results of the investigations of the ground-state properties such as binding energy, separation energy, two-neutron shell gap, rms-radii for protons and neutrons, pairing energy and quadrupole deformation, are presented and discussed in Section 3. Finally, a summary of the present study is given in Section 4.
Theoretical Framework
Throughout this paper, two classes of covariant density functional models are used: The density-dependent meson-exchange (DD-ME) model, and the density-dependent point-coupling (DD-PC) model. The main differences between these two models reside in the treatment of the interaction range. DD-ME has a finite interaction range, while DD-PC uses a zero-range interaction with one additional gradient term in the scalar-isoscalar channel. In this investigation, we use the very successful density-dependent mesonexchange DD-ME2 [21] and density-dependent point-coupling DD-PC1 [19] parameter sets.
The meson-exchange model
In the framework of the meson-exchange model, the nucleus is described as a system of Dirac nucleons interacting via the exchange of mesons with finite masses leading to finite-range interactions [34, 35] . The isoscalarscalar σ meson, the isoscalar-vector ω meson, and the isovector-vector ρ meson build the minimal set of meson fields for a quantitative description of nuclei. The meson-exchange model is defined by the standard Lagrangian density with medium dependence vertices [36] :
F µν F µν where ψ denotes the Dirac spinors and m is the bare nucleon mass. e is the charge of the proton and it vanishes for neutrons. m σ , m ω , and m ρ are the masses of σ meson, ω meson, and ρ meson, respectively, with the corresponding coupling constants for the mesons to the nucleons as g σ , g ω , and g ρ , respectively. These coupling constants and unknown meson masses are the Lagrangian equation (1) parameters. Ω µν , R µν and F µν are the field tensors of the vector fields ω, ρ and the proton:
This linear model has first been introduced by Walecka [8] . However, this simple model does not provide a quantitative description of nuclear system [37, 38] with interaction terms that are only linear in the meson fields. In particular, the resulting incompressibility of infinite nuclear matter is much too large [37] and nuclear deformations are too small [36] . Therefore, For a realistic description of complex nuclear system properties one can either introduce a nonlinear self-coupling or a density dependence in the coupling constants.
For the nonlinear self-coupling, one has to add the following term to the Lagrangian:
This model has been successfully used in a number of studies [39] [40] [41] .
In the case of the density dependent coupling constants one defines the dependence as
i can be any of the three mesons σ, ω and ρ. There are no nonlinear terms in the σ meson, i.e. g 2 = g 3 = 0. The density dependence is given by
for σ and ω, and for the ρ meson by
x is defined as the ratio between the baryonic density ρ at a specific location and the baryonic density at saturation ρ sat in symmetric nuclear matter. The parameters in Eq. (7) are constrained as follows:
These constraints reduce the number of independent parameters for density dependence to three. The present study uses the very successful density-dependent mesonexchange relativistic energy functional DD-ME2 [42] with the parameter set given in Table 1 . 
Point-coupling model
The Lagrangian for the density-dependent point coupling model [19, 43] is given by:
It contains the free-nucleon Lagrangian, the point coupling interaction terms, and the coupling of the proton to the electromagnetic field. The derivative terms in Eq. (10) account for the leading effects of finite-range interaction which are important in nuclei. In analogy with DD-ME models, this model contains isoscalar-scalar, isoscalar-vector and isovector-vector interactions. In this work, we have used the recently developed densitydependent point-coupling interaction DD-PC1 [19] given in Table 2 . 
Results and Discussion
The numerical results of the ground-state properties of Sn isotopes, such as the binding energy, separation energy, two-neutron shell gap, rms-radii for protons and neutrons, pairing energy and quadrupole deformation are presented in this section. In all our calculations, we have used two of the state-of-the-art density-dependent effective interactions, namely: the density-dependent meson-exchange DD-ME2 [19] and the density-dependent point-coupling DD-PC1 [21] . Our results are compared with the predictions of the Relativistic Mean Field (RMF) model with NL3 [44] functional and with the available experimental data. We note that the existing experimental data does not cover the full range of our study. Therefore, our results for Sn isotopes, that do not have experimental data, are mainly predictions of future experimental data.
Binding energy
Binding energy (BE) is one of the key observables for understanding the structure of a nucleus, and it is directly related to the stability of nuclei. Fig. 1 shows the binding energies per nucleon (BE/A) for tin isotopes, 94−168 Sn as a function of the neutron number N. The predictions of the RMF model with NL3 [44] functional as well as the available experimental data [45, 46] are also shown for comparison.
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• Exp. From Fig. 1 , it is seen that the experimental data are accurately reproduced by the theoretical predictions.
The differences between the experimental total BE for even-even tin isotopes and the calculated results obtained in this work are shown in Fig. 2 , as a function of the neutron number N, in order to show to what extent our results are accurate. We emphasize that this comparison is made only for isotopes that have available experimental data. The comparison between the calculated results and the available exper-imental total binding energies of tin isotopes is also done by the root mean square (rms) deviation tabulated in Table 3 . From Table 3 , one can see that DD-ME2 exceeds in accuracy the other nuclear models DD-PC1 and NL3.
Two neutron separation energy (S 2n ) and shell gap (δ 2n )
The neutron separation energy is an important quantity in testing the validity of a model and in investigating the nuclear shell structure. In this work, we have calculated the two-neutron separation energies, S 2n (N, Z) = BE(N, Z) -BE(N − 2, Z), for Sn isotopes by using the density-dependent effective interactions DD-ME2 and DD-PC1.
The calculated two-neutron separation energies S 2n of even-even tin isotopes, as a function of the neutron number N from the proton drip line to the neutron one, are shown in Fig. 3 in comparison with the available experimental data [45, 46] and with the predictions of RMF(NL3) [44] .
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Exp. The two-neutron separation energies S2n, for 94−168 Sn isotopes, obtained with DD-ME2 and DD-PC1, and compared with NL3 force [44] and with the available experimental data [45, 46] . From Fig. 3 , it is clearly seen that the results of the two density-dependent models as well as those of NL3 reproduce the experimental data quite well. S 2n gradually decrease with N, and a strong drop is clearly seen at N = 50 and N = 82 in both experimental and theoretical curves, which indicates the closed shell at these magic neutron numbers. Moreover, as we can see from Table 4 , S 2n values obtained by using the density-dependent mesonexchange DD-ME2 are in good agreement with the experimental data and have the lowest rms deviation in comparison with the results obtained within DD-PC1 and NL3 functionals. The two-neutron shell gap δ 2n = S 2n (N, Z) − S 2n (N + 2, Z), also known as the S 2n differential, is a more sensitive observable for locating the shell closure. The behavior of the S 2n differential as a function of the neutron number N is shown in Fig. 4 . The sharp peaking in (δ 2n ) clearly seen at N=50 and N=82 also supports the shell closure at these two neutron magic numbers.
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Exp. [44] and with the available experimental data [45, 46] .
Pairing energy (E pair )
The pairing energy, defined as the sum of the neutrons and protons contributions, is an important factor that determines the binding energies, masses of nuclei, etc. Fig. 5 shows the pairing energy E pair for 94−168 Sn isotopes calculated by CDFT with the effective interactions DD-ME2 and DD-PC1. As one can see from Fig. 5 , there is an agreement between the results of the two different density-dependent effective interactions DD-ME2 and DD-PC1. In both cases, E pair vanishes at N = 50 and at N = 82, which confirms the shell closure at these two neutron magic numbers.
Quadrupole deformation
The quadrupole deformation plays a crucial role in determining some properties of the nuclei such as quadrupole moment, nuclear sizes and isotope shifts. The quadrupole deformation parameter, β 2 , for Sn isotopes are plotted in Fig. 6 . Our results obtained with DD-ME2 and DD-PC1 parameter sets are compared with those of RMF(NL3) [44] and with the available experimental data [47] .
From Fig. 6 , one can see that the agreement between different theoretical calculations, DD-ME2, DD-PC1 and NL3, is pretty good in general. Sn isotopes remain robustly spherical till N reaches 90 except for some nuclei where the deformation is quite small. Nuclei above this neutron number show an interesting change of shape. It is remarkable that, despite the semimagic character of Sn isotopes (Z=50), all the theoretical models predict a significant prolate deformation in the neutron rich region 90 < N < 110. The prolate deformation increases and then saturates at a value close to
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Exp. β 2 ≈ 0.3. For nuclei above N=110, there is a transition from deformed to spherical shape. We would like to make a comment about the discrepancy seen in Fig. 6 between theory and experiment. In fact, the weak deformation exhibited in the available experimental data for even-even Sn isotopes from N = 64 up to N = 74 is due to the fact that the experimental β 2 values are usually extracted from experimental B(E2)↑ values (the reduced probability of the transition from the ground state of the nucleus to the first excited 2 + state) by using the Bohr model, which is valid only for well-deformed nuclei [48] .
We display in Fig. 7 the total energy curves of 16 Sn isotopes, 136−166 Sn, as functions of β 2 and obtained by using the density-dependent effective interactions DD-ME2 and DD-PC1. This figure provides us a clear idea about how deformation evolves in this isotopic chain. Prolate shapes correspond to β > 0 while oblate shapes correspond to β < 0.
From Fig. 7 , it is seen that nuclei with A < 140 are spherical. At A=142, very shallow deformation degenerate minima (oblate and prolate) appear. The next isotopes develop a more well-deformed prolate minimum, which reaches β ≈ 0.3 for 150 Sn in DD-PC1 calculations. As the mass number increases, the two minima gradually disappear until A = 166 where we get a sharp single minimum, which confirms the spherical shape at this isotope. The total energy curves of 136−166 Sn isotopes shown in this figure are in good agreement with the results shown in Fig. 6 . 
Neutron, Proton and Charge radii
In this subsection, we present the nuclear radii evaluated using different interactions. Fig. 8 shows root mean square charge radii and Fig. 9 shows neutron and proton radii for all tin isotopes.
The charge radius, R c , is related to the proton radius, R p , by:
where the factor 0.64 in Eq. (11) is a correction due to the finite size of the proton. Fig. 8 shows the charge radii calculated within CDFT with DD-ME2 and DD-PC1 in comparison with the available experimental data [49] [50] [51] and with predictions of RMF(NL3) [44] . Excellent agreement between theory and experiment can be clearly seen in Fig. 8 . The small jump in R c starting from 146 Sn up to 162 Sn seems to be due to the deformation effect as it was previously explained in Ref [13] . Indeed, it becomes much clearer if we take a look at Fig. 6 : β 2 changes, in the case of DD-PC1 for example, from 0.0 for 144 Sn to 0.284 for 146 Sn, and it changes from 0.223 for 162 Sn to 0.0 for 164 Sn.
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Exp. [49] [50] [51] and predictions of RMF(NL3) [44] Fig . 9 shows the calculated neutron and proton radii of tin isotopes obtained by using DD-ME2 and DD-PC1. The results of RMF model with NL3 functional are also shown for comparison. R n and R p are plotted together in the same figure in order to see the differences between them easily.
In Fig. 9 (left panel), we see that the neutron rms radii obtained by using DD-ME2 and DD-PC1 are almost equal throughout the isotopic chain, but the results of NL3 are overestimated. The proton rms radii by both formalisms, CDFT(DD-ME2 and DD-PC1) and RMF(NL3), are almost the same.
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ○ ○ ○ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ◆ We also notice from the right panel of Fig. 9 that the difference between the rms radii of neutrons and protons (∆R = R n − R p ) increases monotonously by increasing the neutron number in favor of developing a neutron skin, which reaches 0.6 fm for 168 Sn.
DD-ME2

Conclusion
In this work, the covariant density functional theory has been employed to investigate the ground state properties of even-even tin isotopes, 94−168 Sn, from the proton drip line to the neutron drip line, by using two of the best available functionals: The density-dependent meson-exchange DD-ME2 and the density-dependent point-coupling DD-PC1. Binding energy, twoneutron separation energy (S 2n ), two-neutron shell gap (δ 2n ), rms-radii for protons and neutrons, pairing energy and quadrupole deformation have been calculated. Some indications on shape phase transition for Sn isotopic chain were given. Our results are in good agreement with the experimental data. DD-ME2 functional seems to be more accurate than DD-PC1 and RMF(NL3). A strong shell closure is observed at N=50 and N = 82. The neutron skin in our calculation reaches 0.6 fm for 168 Sn.
